In this paper, we consider some problems of normal families for solutions of certain Laplace with their derivatives that share a constant. We prove some results which are improvements of some earlier related theorems. Meanwhile, asymptotic behaviors of them are also obtained.
Introduction and results
Let D be a domain in C. Let F be a solution of certain Laplace equations defined in the domain D. F is said to be normal in D, in the sense of Montel, if for any sequence {f n } ⊂ F , there exists a subsequence {f n j } such that f n j converges spherically locally uniformly in D to a meromorphic function or ∞.
Let g(z) be a solution of certain Laplace equations and a be a finite complex number. If f (z) and g(z) have the same zeros, then we say that they share a IM (ignoring multiplicity) (see [, ] ).
In , Schiff [] proved the following result.
Theorem A Let f be a transcendental meromorphic function in the complex plane. Let n, k be two positive integers such that n ≥ k + , then (f n ) (k) assumes every finite non-zero value infinitely often.
Corresponding to Theorem A, there are the following theorems about normal families in [] .
Theorem B Let F be a family of meromorphic functions in D. Let n, k be two positive integers such that n
Recently, corresponding to Theorem B, Xue [] proved the following result. 
Remark  From Theorem , it is easy to see
and n be a positive integer, for k = , let
and n be a positive integer, and let
, and n be a positive integer, let Remark  Example  shows that f has only zeros of multiplicity at least k is necessary in Theorem . Example  shows that a =  in Theorem  is inevitable. Example  shows that Theorem  is not true for n = .
Lemmas
In order to prove our theorem, we need the following lemmas. Proof If f n f (k) -a has zeros and has exactly one zero.
We set
where A is a non-zero constant. Because the zeros of f are at least k, we obtain m i ≥ k (i = , , . . . , s), n j ≥  (j = , , . . . , t). For simplicity, we denote
and
From (.), we obtain
where g is a polynomial of degree at most k(s + t -).
From (.) and (.), we obtain
where p and q are polynomials of degree M and N , respectively. Also p and q have no common factor, where M i = (n +)m i -k and N j = (n +)n j + k. By (.) and (.), we deduce
For simplicity, we denote
By a = , we obtain z  = α i (i = , . . . , s), where B is a non-zero constant. From (.), we obtain
where g  (z) is a polynomial of degree at most (k + )(s + t -). From (.), we obtain
where 
. By (.) and (.), we obtain
, we deduce M < M, which is impossible.
Case . If l = N , then we distinguish two subcases. Subcase .. If M ≥ N , by (.) and (.), we obtain
, then this is impossible, which is similar to Case .
Subcase .. If M < N , by (.) and (.), we obtain l - ≤ deg g  ≤ (s + t -)(k + ), then
, we deduce N < N , which is impossible. If f n f (k) -a = . We know f is rational but not a polynomial, then f n f (k) is rational but not a polynomial. At this moment, l =  for (.), proceeding as above in Case , we have a contradiction.
Proof of Theorem 1
We may assume that D = {|z| < }. Suppose that F is not normal in D. Without loss of generality, we assume that Remark  Obviously, our result which has the more extensive form improves Theorems C and G in some sense.
Remark  For further study, we pose a question.
Question  Does the conclusion of Theorem  still hold for n ≥ ? 
